Stability of Moving Surfaces in Fluid Systems

with Heat and Mass Transport
I[l. Stability of Displacement Fronts in Porous Media

Two effects not considered in previous work can significantly influence
stability of moving displacement fronts in porous media. They are transport

near the front and expansion or contraction accompanying phase change

CLARENCE A. MILLER

or chemical reaction at the front. It is shown that both effects act to stabil-

ize a moving front at which steam condenses and displaces water. Available
experimental data confirm that such a front is more stable than would be
expected based on previous work. The effects should be important in
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steam drive and underground combustion processes for improving oil
recovery and in processes involving moving reaction fronts in packed beds.

SCOPE

Existing technology for recovery of oil from under-
ground reservoirs typically involves (1) recovery from
individual wells using pumps as needed to supplement
natural driving forces such as reservoir gas pressure and
(2) injection of water into some wells to drive oil to other
wells where it can be recovered. Even in reservoirs where
this water flooding process is successful, however—gen-
erally speaking, those containing oils of relatively low
viscosity—about 50 to 609, of the oil originally present
remains in the ground after water flooding. This residual
oil exists primarily as drops or globules trapped in the
small pores of the reservoir rock. For reservoirs with
rather viscous oils, water flooding is not attractive and
an even greater percentage of the oil is not recovered.
Strong’ incentives obviously exist to improve recovery
capabilities.

One class of improved processes, the thermal class, was
originally developed for reservoirs with viscous oils. The
idea was that heat would reduce oil viscosity and facilitate
recovery. But because heat can vaporize trapped oil
drops, these processes are also possibilities for getting
additional oil from reservoirs which have been water-

flooded. The heat is supplied either by injecting steam or
by injecting air to burn a small fraction of the oil. In the
former case, a front at which steam condenses moves
through the reservoir. In the latter case, there is a moving
combustion front. In both cases, stability of the moving
front between injected and displaced fluids is crucial.
For, if instability occuss, the injected fluids contact only
a small portion of the reservoir and effectiveness of the
process is greatly limited.

Previous work on stability of displacement fronts in
porous media has concentrated on effects of fluid viscosity
and medium permeability. In this paper, two other effects
likely to be important for the processes described above
are also considered. One is a heat transport effect ana-
logous to the transport effect responsible for dendrite
formation and related instabilities during solidification
processes. The other effect is expansion or contraction
accompanying a phase change such as condensation or a
chemical reaction such as combustion at a moving dis-
placement front. This effect is known to significantly in-
fluence flame stability ‘during ordinary combustion proc-
esses.

CONCLUSIONS AND SIGNIFICANCE

A small-amplitude stability analysis of a moving dis-
placement front at which steam condenses shows that
both heat transport and the decrease in volume accom-
panying condensation have significant stabilizing influ-
ences. They can sometimes overcome the relatively large
destabilizing effect associated with displacing one fluid
(water) by a much less viscous fluid (steam), a prediction
which is in accord with available experimental data. Heat
transport is particularly effective in stabilizing distur-
bances with short wavelengths so that in cases where
instability does occur, the unstable wavelengths may be
quite long.

These results provide new insight about the basic
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mechanism of front stability in porous media. They
demonstrate that the well-known effects of fluid viscosity
and medium permeability are not the only important in-
fluences on front stability—at least when significant tem-
perature or concentration gradients exist or significant
volume changes due to phase transformation or chemical
reaction occur. This conclusion is of interest in connection
with thermal processes for oil recovery, for example,
steam drive and underground combustion. But applica-
tions may also exist for processes where there are moving
reaction fronts in packed beds and for certain under-
ground processes for gasifying coal or retorting oil shale.
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The first two papers in this series (Miller and Jain, 1973;
Miller, 1973) examined stability of fluid interfaces moving
as a result of phase transformation or mass transfer. A
simple example of such motion is that accompanying the
continuous decrease in size of an evaporating drop.

Here a similar approach is used to investigate stability
of moving displacement fronts in porous media. Previous
work (Saffman and Taylor, 1958) has shown that fluid
mechanical effects have an important influence on stability
of such fronts. Instability occurs when a fluid of high mo-
bility (ratio of effective permeability to fluid viscosity) dis-
places a fluid of low mobility. For the simple case where
permeability is uniform throughout the medium, an un-
stable front exists when a fluid of low viscosity displaces
one of high viscosity. For this reason, water flooding is
largely ineffective as a means of recovering high viscosity
crude oils from underground reservoirs. In addition to this
viscosity effect, the present work considers effects of heat
transport and of change in volume experienced by fluid
crossing the front as it reacts or changes phase. As indi-
cated above, these effects have not previously been con-
sidered for situations involving porous media, but they
are known to be important in other applications.

A detailed analysis is presented below for stability of
a moving front at which steam condenses. This simple case
has been chosen to illustrate clearly the basic physical ef-
fects involved. A numerical example is given and implica-
tions of the results for steam drive and underground com-
bustion oil recovery processes are briefly discussed.

FLAT CONDENSATION FRONT

Figure 1 illustrates a situation where steam condenses
and displaces water in a porous medium along a flat dis-
placement front moving at velocity V. Superficial fluid
velocity Vi, density p;, viscosity p;, and other fluid proper-
ties are taken as uniform in each phase. Steam temperature
is presumed to be uniform at the saturation temperature T
corresponding to mean reservoir pressure. Water tempera-
ture varies from T at the condensation front to ambient
reservoir temperature Ty, at large distances from the front.

For small fluid velocities, as are generally encountered in
oil reservoirs, Darcy’s Law applies, so that in a stationary
coordinate system

k o od;
Viz —— — (P; — p; = — 1
9z (Ps— pigaZ) = — (1)

Here k;, P;, and ®; are reservoir permeability, fluid pres-
sure, and velocity potential in phase ¢ and gz is the com-
ponent in the direction of flow of the acceleration due to
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Fig. 1. Moving front at which steam condenses and displaces water
in a porous medium.
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gravity. A mass balance for the stationary control volume
between lines A and B of Figure 1 yields the following

result:
p1V1— poVa = €V (p1 — p2) (2)

In this equation, e is reservoir porosity.

It should be noted that the assumption of one-dimen-
sional flow implicit in (1) and (2) is not truly correct ex-
cept when flow is vertical. For otherwise, gravity causes
steam to rise and flow preferentially in the upper part of
the medium with a corresponding preferential How of
water in the lower part of the medium. For simplicity this
gravity override eftect is neglected here as the main pur-
pose is to illustrate transport and volume change effects
on stability. In actuality, both gravity override and stability
may be important, and an analysis including both effects
is a suitable topic for further research.

The general equations describing heat transport in a
porous medium are rather complex. For the slow flows of
interest here, it is reasonable to assume that the solid rock
at a given position (with density p, and specific heat Cps)
has the same temperature as the fluid occupying its pores.
Also, variation of front velocity V with time is presumed to
be slow enough to justify use of a quasi-steady state ap-
proach. With this assumption use of a coordinate system
moving with velocity is convenient because the tempera-
ture distribution in the water region is then independent of
time. When the appropriate equation for heat transport
given by Bear (1972) is expressed in terms of the moving
coordinate system with z taken as the distance from the
moving front, the result is

\% oT T
[Pszzé (-ei - V)— psCps (1 — G)V] e K,

0z2
(3)

K. in (3) is an effective thermal conductivity of the porous
medium. Also ((Va/e) — V) and (—V) are the apparent
velocities of water and rock respectively in the moving co-
ordinate system.

The solution of (3) having T = T, at the front 2 = 0
and T = Ty, as 2> o0 is

T=Ts+ (Ty — Tou)e™ "

y= PQCWE (V_E)_*_Pscps (Il<o“‘ )V

The temperature profile is sketched in Figure 1.
An energy baiance for the stationary region between
lines A and B in Figure 1 yields the following equation:

91
p1ViHy — paVoHy + K, = eV {(p1U1 — paUy)

0z 0
®)
Here H; and U; are enthalpy and internal energy per unit
mass for phase i. A subscript 0 indicates that the quantit
is to be evaluated at the front. The heat flux term in (5{
can, of course, be determined using (4).

Equations (2) and (5) can be solved simultaneously to
obtain water velocity Vs, and front velocity V in terms of
the known steam velocity V. With the approximation Uy
= H;, which simplifies the final expressions while introduc-
ing an error of only a few percent in most cases, the results
are

(4)

K. €

P1 (Hl - H2w)
V = V1
ep1(Hy — Hj,) + (1 — €)psCps (T1 — T3a)
(6)
ep1(Hy — Hz) + 22 (1 — €)psCps(Ts — T2)
P2
Vo=V,

ep1(Hy — Hoo) 4+ (1 — €) psCps(Ty — T2)
(7)
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Advance of the front requires heating of additional solid.
Equation (6) shows, as would be expected, that the front
moves more slowly under conditions when more steam
must condense to heat a given volume of solid. Indeed,
V = 0 as the specific heat Cp, of the solid becomes very
large. In the other extreme of a rock with very small Cp,
or, more realistically, a situation with a small temperature
difference (Ty — Ts.), Vs =V; and the front moves at
the same velocity (V1/¢) as that of the fluids advancing
through the pore space. In this case, steam simply dis-
places water in the reservoir and no appreciable condensa-
tion occurs, Finally, it is noteworthy that V is independent
of the thermal conductivity K,—at least for the present
case where lateral heat losses to adjacent rock layers have
been neglected.

The above equations are a special case of quite general
models which have been developed to describe moving
condensation fronts during steam drive oil recovery proc-
esses (for example, Mandl and Volek, 1969; Shutler,
1969). A relatively simple model of the initial flat front
situation is desirable here because it allows the important
physical effects to be seen in the following stability analysis
without making the mathematics too complicated.

STABILITY ANALYSIS

The displacement front, initially the plane z = 0 in the
moving coordinate system, is now presumed to undergo
a small wavy perturbation to the position_z,_ = 8(t)f(x, y),
where the function describing the wave form satisfies

af  of
oy + 3}}; = —o?f (8)

The wave number « is (27/)), where \ is the mean wave-
length of the perturbation. In accordance with the usual
normal mode method for analyzing asymptotic stability
of a small perturbation (Chandrasekhar 1961), the forms
of the perturbations ® in temperature and ¢ in the velocity
potential are taken as products of f(x, y), and appropriate
functions ¢ and 4 of the distance z from the front. The
functions are dictated by the governing differential equa-
tions.

By taking the divergence of Darcy’s Law and invoking
continuity, it is readily shown that the velocity potential
satisfies Laplace’s equation, that is, V2¢ = 0. The solutions
which vanish far from the front are

1= ae** f(%, y)
(9)
b = aze™** f(x, y)

The velocity perturbations can be obtained from (9) using
vi= Vé;

The temperature perturbation #(z) in the water phase
can be obtained by solving the energy equation in the
moving coordinate system. For the marginal stability con-
dition which separates regions of stable and unstable be-
havior, the perturbation neither grows nor decays (dd/dt
= 0), and the equation becomes

V. a6
[pchz(—z" - V) — p:Cps (1= ¢) V] —
€ 0z
62
+ p2Cp202; oT =K, (— - a2) 6 (10)
73 022

When the initial temperature distribution T(z) from (4)
and the velocity perturbation v,, are substituted into (10)
and the resulting differential equation is solved, the solu-
tion which vanishes far from the front is found to be
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(T1 — Ts.) psCy20s
K,

- \/2 7
72—2+ a+4

Along the wavy displacement front temperature is, to first
order in perturbation amplitude, given by [T(0) + 8fT"(0)
+ f6(0)]. The requirement that this expression must every-
where be equal to the saturation temperature T leads to

— y(T1 — T20)8 + (p2Cp2/K,) (Ty — Tau)ag = 0( )
12

Mass and energy must also be conserved locally along
the wavy front. Application of the former requirement at
marginal stability gives

g = aze~ ¥ + g~ (aty)z

(11)

P1012 = p2Uzz (13)
Similarly, conversation of energy implies
oy 4+ Ke[T7(0)8 + ¢(0)] = povaetlze  (14)

The final boundary condition along the wavy front is a
uniform pressure difterence between phases. In each phase
the pressure along the front is [P;(0) + SfP/(0) +
fpi(0)1, where P; and p; are the initial pressure distribu-
tion and its perturbation. According to Darcy’s Law, (fp:)
is given by (— pmi¢i/k;). When the expressions given by
(1) and (9) are employed, the boundary condition be-
comes

— M2

(Vi + a3) +poged = lkf‘— (Vid + a1) + piged
2 1
(15)

With the velocity perturbations ;. written in terms of
a; and a, using (9), Equations (12) through (15) are four
linear, homogeneous equations in a;, @y, a; and 8. For a
nontrivial solution to exist, the determinant of coefficients
for these equations must vanish, a requirement which leads
to the following condition for marginal stability:

mVy F-zvz) ( [
0= — (pg— (_ _
(pz — p1)gea + « r + N ok
Lt Key(ys — v) (Ty — T3.)
k —
P (Hy — Hy.) — Cpo(Ty — Ta) (72 4 )

x

(16)

INTERPRETATION OF STABILITY CONDITION

The three terms in (16) represent three effects on stabil-
ity of the front. When any of the terms has a positive
value, its effect is destabilizing and must be balanced at
marginal stability by negative values (stabilizing effects)
of one or more of the other terms. The first term represents
the well-known effect of gravity, which acts to stabilize
the front when the denser fluid lies below the lighter fluid.
The second term represents fluid mechanical effects. For
a simple displacement with no phase change V; = V, and
this term simplifies to Saffman and Taylor’s (1958) finding
that a destabilizing effect exists when mobility (k/r) of
the displacing fluid 1 exceeds that of the displaced fluid 2.
But in the present case, where a phase change does occur
at the moving front, V; and V; are not equal but are in-
stead related by (7). As steam density py is less than water
density py, it is clear from (7) that V; < Vi and the front
is more stable than would be predicted from mobility con-
siderations alone. Effects of this type have not been in-
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cluded in previous analyses of stability in porous media.

That fluid experiencing a decrease in specific volume
while crossing a moving tront tends to stabilize the front
is consistent with the analysis of Landau (1944). Actually,
Landau was interested in moving flame fronts (with no
porous medium involved) where fluid expands and thus
acts to destabilize the front. Evidently, expansion promotes
instability by adding mechanical energy while contraction
favors stability by removing mechanical energy from the
floor. For the present situation, the decrease in volume on
condensation reduces water velocity V, relative to steam
velocity V, as indicated above. The relationship between
pressure gradients in the two phases is similarly affected.
Hence, it a small element of steam enters the region
originally occupied by water, it experiences a smaller
pressure gradient acting to drive it farther into the water
than it would if there were no volume change and V,
and V, were equal.

The third term in (16) is a stabilizing effect due to heat
transport in the water phase. It too is novel for stability
analyses involving porous media. As mentioned previously,
advance of the front requires heating the rock just ahead
of it in the reservoir. At a point such as P in Figure 2 along
the wavy front, some of the heat released by condensation
is transported laterally toward Q and R. This lateral heat
transport acts to decrease the rate at which rock is heated
in advance of P and to increase the rate at which rock is
heated in advance of Q and R, a stabilizing effect.

It is noteworthy that a similar effect acts to destabilize
a moving interface during solidification of a pure material
(see Sekerka, 1968). In this case interfacial speed is lim-
ited by the rate at which the heat of solidification can be
transferred away from the interface into the liquid (re-
gion 2). Because of lateral heat transport away from a
point such as P in Figure 2, solidification can proceed
faster there, a destabilizing effect.

For long wavelengths ((a/y) << 1), (y2 — ¥) ap-
proaches (a?/y) and, according to (16), the transport ef-
fect becomes very small relative to the gravity and fluid
mechanical effects. This is the expected result because
very little lateral transport occurs in this case. In contrast,
for short wavelengths ({a/y) >> 1), (v2 — 7) == q, all

Region 1 q Region 2
Steam Water
//
P -
)
R
Wavy Front

—

Direction of Front Motion

Fig. 2. The effect of heat transport on front stability. At point P
the rate of heat transfer to the water phase increases because of
lateral heat transfer toward Q and R.
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three terms in (16) are proportional to «, and the stabiliz-
ing effect of lateral transport can be significant.. Thus, it
is possible to have situations where perturbations with long
wavelengths are unstable, but perturbations with short
wavelengths are stabilized by lateral transport. In this
case there is presumably an intermediate wavelength which
eventually dominates the instability because its growth rate
is most rapid. The present analysis is limited to marginal
stability, however, and so can provide no information about
this fastest growing perturbation.

NUMERICAL EXAMPLE FOR STEAM INJECTION PROCESS

A numerical example will illustrate that both the de-
crease in specific volume on condensation and the transport

-effect can significantly influence front stability. Suppose

that water at a reservoir temperature T's, of 30°C is dis-
placed by saturated steam at a temperature Ty of 200°C.
Under these conditions, steam viscosity is 1.6 X 1075 N-
s/m?, while water viscosity at reservoir temperature is 8.1
X 107% N-s/m2. Other properties of steam and water may
be found in the steam tables. A vertical front is assumed
so that gravity does not affect front ‘stability, Finally,
values of 0.2 for porosity € and 794 J/kg-K for solid spe-
cific heat Cy are taken based on properties of sandstone.

Were one to assess front stability in this case considering
the well-known effect of fluid viscosities described in Saff-
man and Taylor’s (1938) paper but ignoring the volume
change and transport effects considered here, he would
conclude that the front should be highly unstable. The
reason is that water viscosity is about 50 times greater than
steam viscosity. If the volume change accompanying con-
densation is included, however, and if permeability k is
taken as the same in each phase, the second term of (16)
becomes (0.15 au;Vi/k;). Although, as indicated by the
positive sign, the net effect of this term is destabilizing, the
magnitude of the numerical coefficient is small. Thus, the
stabilizing effect of the volume decrease accompanying
condensation is large and is almost able to offset an ad-
verse viscosity ratio of 50. Indeed, Equation (7) shows
that (Va/Vy) = 0.023 for the present example so that the
volume decrease could stabilize a front with an adverse
viscosity ratio of about 42 or less.

As indicated previously, the transport effect on front
stability is negligible for disturbances with long wave-
lengths (« << y). Stability is entirely determined by vis-
cosity and volume change effects so that, as indicated
above, the front is slightly unstable with respect to such
disturbances for the present example. But for short wave-
lengths (« >> v), the transport effect given by the third
term of (16) becomes (—1.4 au,V1/k;). As the negative
coefficient of this term exceeds in magnitude the positive
coefficient 0.15 of the term discussed above, the front is
stable with respect to perturbations having short wave-
lengths.

For some intermediate wavelength the value of « is
such that the last two terms of (16) sum to zero and the
front is marginally stable. This wavelength will have the
same order of magnitude as (1/v), the distance in which
water temperature ahead of the front falls from steam satu-
ration temperature to (approximately) reservoir tempera-
ture. From (4) (1/y) is found to be in the range of a few
meters for the present example if K, is taken as 5 J/m-s'K
based on information given by Bear (1972, p. 650) and if
typical oil field velocities of about 103 m/s are used.
Thus, transport stabilizes all disturbances with wavelengths
shorter than a few meters. Information of this type may be
useful in designing and interpreting laboratory experiments
on front stability. For example, if the size of the laboratory
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equipment is such that unstable disturbances of long wave-
lengths are precluded, observation of a stable front in the
laboratory could give a misleading impression about front
stability in the field where the unstable disturbances of
long wavelengths can occur.

DISCUSSION

The simple condensation and displacement process ana-
lyzed above is, of course, much less complex than what
takes place during an actual oil recovery process using
steam drive. The neglect here of gravity override effects,
that is, preferential steam flow in the upper part of the
medium, has been mentioned previously. Moreover, both
oil and water are displaced in actuality so that two-phase
flow exists in region 2 of Figure 1. The main effect of
two-phase flow is to decrease the effective mobility (in-
crease the effective viscosity) of region 2. Another factor
not considered here is heat losses to nonporous strata above
and below the oil-bearing layer. Such losses affect the tem-
perature profile in the reservoir and also cause some con-
densation in the steam phase before it reaches the displace-
ment front. If enough condensation occurs, two-phase flow
of steam and water can exist in region 1 of Figure 1.
Finally, variation of fluid viscosity in the region ahead of
the condensation front where the temperature falls from
saturation temperature T; to reservoir temperature Ts.
has been ignored.

In spite of these limitations, the analysis presented
above is significant in that it clearly demonstrates the im-
portance of including both volume change and transport
effects—in addition to the well-known viscosity effect—in
analyzing front stability during thermal recovery processes.
The importance of these effects is also shown by existing
experimental data. Baker (1973) describes laboratory ex-
periments where stable condensation fronts were often ob-
served during steam drive processes in spite of unfavorable
viscosity (or, more precisely, mobility) ratios. For ex-
tremely viscous oils, however, the mobility ratio was so un-
favorable that instability occurred in spite of the stabilizing
effects of transport and volume decrease during condensa-
tion. In fact, Baker suggested that these effects might be
responsible for his results although his discussion was en-
tirely qualitative.

A recent paper (Connally and Marberry, 1974) describ-
ing a field test of a steam drive process is an indication of
the practical importance of front stability. The authors
conclude that front instability was the major limitation to
process effectiveness during the test. It should be noted
that, in addition to the effects considered here, reservoir
inhomogeneities may have contributed to the development
of front instability during the test.

While the above remarks have dealt with steam drive
oil recovery processes, it should be emphasized that the
present analysis provides new insight into the basic process
of instability in porous media. The main conclusions are
thus pertinent to a wide variety of situations. Displacement
fronts between steam and water may be a feature of for-
mations of interest in connection with utilizing geothermal
energy. Both volume change and transport effects should
have important influences on stability of moving reaction
fronts during oil recovery processes involving underground
combustion. Most of the experience with such processes
involves situations where only air is injected into the reser-
voir. In recent years attention has shifted toward processes
where air and water are injected simultaneously. In these
wet combustion processes, injected water vaporizes at the
moving reaction front. The destabilizing effect of this ex-
pansion could well be important so that inferences about
front stability during wet combustion processes based sim-
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ply on experience with ordinary dry combustion could be
misleading.

Moving reaction fronts also occur in some cases of rapid
chemical reaction in packed beds. Removal of an unde-
sirable component such as SO; from a gas stream by fast
reaction with bed particles is one example. Here too the
effects described above could influence front stability.
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NOTATION

C, specific heat, J/kg + K

f function describing spatial periodicity of perturba-
tion

enthalpy, J/kg

permeability, m?

effective thermal conductivity of porous medium,
W/m - K

pressure before perturbation, N/m?

perturbation in pressure, N/m?

temperature, K

internal energy, J/kg

velocity of displacement front, m/s

initial velocity in region i, m/s

perturbation in velocity in region 4, m/s
coordinates in plane of unperturbed front, m
coordinate normal to front in stationary coordinate
system, m

coordinate normal to front in moving coordinate
system, m

s
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Greek Letters

wave number, m~1

term defined by Equation (4), m~?!
amplitude of front displacement, m
porosity, dimensionless

perturbation in temperature, K
viscosity, N * s/m?

density, kg/m?

velocity potential before perturbation, m
perturbation in velocity potential, m

L1 L (A VO I O [

SR E DA WL R

Subscripts

region 1

region 2

solid (matrix of porous medium)
evaluated at front

evaluated in region 2 far from front
z-component

b

NgohmH
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A New Method for Nonlinearly

Constrained Optimization

J. S. NEWELL

A new penalty function method of solving problems involving a non-
linear objective function subject to nonlinear equality and inequality con- and

straints is described. It ameliorates difficulties experienced with the ill-

D. M. HIMMELBLAU

conditioning of the Hessian matrix of classical penalty function methods.

Experience based on the solution of 25 test problems indicates the proposed
method is as good as, or better, than methods that are now being used.

Department of Chemical Engineering
University of Texas
Austin, Texas 78712

SCOPE

Chemical engineers frequently encounter realistic opti-
mization problems that involve maximization or minimiza-
tion of a cost, revenue, or other function subject to certain
constraints. The constraints may be either equations, such
as material or energy balances, or inequalities, such as
capacity limits, or both. Often the objective function and
constraints are nonlinear. A surprising number of practical
chemical engineering problems have the characteristics
just listed, such as the determination of steady state plant
operating conditions, scheduling problems, capacity ex-
pansion analysis, some types of model building, and con-
strained regression. Furthermore, one of the most im-
portant steps in chemical engineering process design is
the specification of the best values of the design variables

according to some criterion.

Although the available techniques of optimization via
numerical methods have multiplied exponentially in the
last ten years with the advent of large-scale computers,
most of the techniques prove to be ineffective when
applied to solvable practical problems of the type outlined
above. We describe here a method of minimizing a non-
linear objective function subject to nonlinear constraints
that is eflicient, robust, user oriented, and based on sound
theoretical principles. The proposed technique is termed
the General Augmented Penalty Function (GAPF) method
in as much as it is one of a class of nonlinear optimization
methods that employ penalties to accommodate the con-
straints in the problem.

CONCLUSIONS AND SIGNIFICANCE

Although numerous algorithms have been proposed to
solve constrained nonlinear optimization problems, sur-
prisingly little is known about their relative merits. It is
difficult for an engineer to isolate methods that are best
suited for his problems. It has been demonstrated both
theoretically and by numerical tests that the GAPF
method in most instances alleviates the traditional numer-
ical problems of penalty function methods while retain-
ing their attractive features, such as the use of uncon-
strained minimization and the absence of a requirement
to maintain feasibility as the optimization proceeds.

To demonstrate the performance of the proposed
method relative to other algorithms that have been re-
ported in the literature to be effective, the GAPF method
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was implemented in a computer code and tested on 23
problems of which 15 involved nonlinear constraints.
One-half of the problems have their origin in the field of
chemical engineering. It was found that the GAPF Code
was both robust and quick, and outperformed the tradi-
tional penalty function methods. For the problems involv-
ing nonlinear equality constraints, the method was dis-
tinctly superior to all other methods. Data to support
these conclusions is compiled. Because the computer code
is easy to execute from the user’s viewpoint and because
the method essentially requires no arbitrary parameters
to be selected by the user, it can be recommended for use
by those who have only minimal experience with optimiza-
tion techniques and “need to get the job done.”
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